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Abstract. It has been well-established that congruences between
automorphic forms have far reaching applications in arithmetic.
In this paper we construct congruences for Siegel Hilbert modular
forms defined over a totally real field of class number one. As
an application of this general congruence, we produce congruences
between paramodular Saito-Kurokawa lifts and non-lifted Siegel
modular forms. These congruences are used to produce evidence
for the Bloch-Kato conjecture for elliptic newforms of square-free
level and odd functional equation.

1. Introduction

While congruences between automorphic forms are inherently inter-
esting in their own right to those studying arithmetic properties of
automorphic forms, they are of wider interest due to their far ranging
applications in arithmetic. Beginning with Ribet’s remarkable proof of
the converse of Herbrand’s theorem using congruences between Eisen-
stein series and elliptic cuspforms [23], congruences between automor-
phic forms have been a powerful tool in relating special values of L-
functions and interesting arithmetic groups such as class groups, or
more generally, Selmer groups. Congruences between elliptic modu-
lar forms were used in Wiles’ proof of the Iwasawa main conjecture
for totally real fields [35] as well as in the proof of Gross’ conjecture
for totally real fields F and narrow ring class characters by Darmon-
Dasgupta-Pollack [11].

In addition to the profound applications found in congruences be-
tween elliptic modular forms, more recently great progress has been
made in studying congruences between automorphic forms on other
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reductive algebraic groups. The most striking example of this is Skin-
ner and Urban’s proof of the Iwasawa main conjecture for GL(2) [31].
In this work they study congruences between automorphic forms on
U(2, 2). For other work on congruences between automorphic forms on
unitary groups one can see [9, 19, 20].

In this paper we will be focused on congruence results for auto-
morphic forms on symplectic groups. There is a good deal of lit-
erature already dealing with congruences for Siegel modular forms:
[2, 3, 6, 7, 8, 18]. These previous results have been limited to Siegel
modular forms defined over Q; in this paper our general congruence
result is valid for Siegel modular forms defined over totally real fields of
class number 1. Moreover, previous applications of general congruence
results to Saito-Kurokawa lifts have been restricted to congruence level
Saito-Kurokawa lifts where our results in this paper are able to deal
with paramodular Saito-Kurokawa lifts as well. This is described in
greater detail below.

The first main result of the paper concerns congruences for Siegel
modular forms of general genus. Let F/Q be a totally real field of class
number one, O the ring of integers of F , and M ⊂ O an ideal. Let `
be a rational prime and λ | ` a prime of O. Let Γn(M) ⊂ Sp2n(O) be
the principal congruence subgroup and Γ(n) ⊃ Γn(M) any congruence
subgroup. Fix a tuple k = (k, . . . , k) ∈ Z[F :Q] and an eigenform f ∈
Sk(Γ

(n)). The main congruence result states that (up to some minor
technical conditions) if there exists a proper ideal N ⊂ O, a Hecke
character χ of conductor N so that valλ(L

N
alg(2n + 1 − k, f, χ; st) = 0,

then there exists a g ∈ Sk(Γn(N)) with f ≡ g (mod λ). If one further
assumes ` - [Γ(n) : Γn(N)], then one can choose g to be orthogonal to
f . One can see Theorem 5.1 for the precise statement of the general
congruence result. This result is analogous to the main congruence
result found in [9] which deals with Hilbert Hermitian automorphic
forms. Our result stands apart from other congruence results for Siegel
modular forms in that this result is able to deal with Hilbert Siegel
modular forms where previous results were restricted to Siegel modular
forms defined over Q. The restriction that F have class number one
can likely be removed and may be explored in future work.

The second part of the paper deals with the special case that F = Q
and n = 2. In this case we specialize the congruence subgroup to
the paramodular group and the automorphic form f to a paramodu-
lar Saito-Kurokawa lift of an elliptic newform f ∈ Snew

2k−2(Γ0(M)) with
negative functional equation. The general congruence result special-
izes as follows. Let φ ∈ Snew,−

2k−2 (Γ0(M)) be a newform, ` - M , and ρf,λ
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irreducible. Assume ordλ(Lalg(k, φ)) > 0 and one can choose a fun-
damental discriminant D and a Hecke character χ of conductor N so
that λ does not divide a certain product of special values of L-functions.
Then there exists an eigenform g with irreducible Galois representation
so that the paramodular Saito-Kurokawa lift fφ,D of φ has eigenvalues
congruent to those of g modulo λ. One can see Corollary 6.15 for the
precise statement given in terms of the CAP ideal of fφ,D. The anal-
ogous result for congruence level Saito-Kurokawa lifts can be found in
[2]. This congruence result, and the bound on the CAP ideal, are in
used in the final section to give evidence for the Bloch-Kato conjecture
for φ. The main point to note here is that previous results (see [2, 8]
for example) required φ to be of weight 2k − 2 with k even in order to
have a congruence level Saito-Kurokawa lift to construct the congru-
ence. Our current result removes this restriction on k and replaces it
with φ having odd functional equation. While this is the same condi-
tion if M = 1, it is not the same condition for M > 1. Thus, we obtain
evidence for the Bloch-Kato conjecture for a new class of newforms φ.

A natural future direction for this work is to reproduce these con-
gruences in `-adic families. This is current ongoing work.

2. Notation

Fix a totally real field F/Q with class number 1. Let d = [F : Q].
We let OF be the ring of integers of F , DF the discriminant of F , and
d(F/Q) the different. Let f denote the set of finite places of F and a
the infinite places. For a place v of F , we write Fv for the completion
of F at v and Ov for the valuation ring of Fv. We write AF for the
adeles of F .

For z ∈ C we set e(z) = e2πiz. We define the characters eAF
:

AF → S1 and ev : Fv → S1 as usual so that eAF
(x) =

∏
v ev(xv),

ev(xv) = e(xv) for v ∈ a, and eAF
(F ) = 1. See [29, 18.2] for the

details. We set ea(x) = e
(∑

v∈a xv
)

for x ∈ AF or x ∈ Ca.

2.1. Relevant groups and actions. Set ωn =

[
0n −1n
1n 0n

]
and define

the general symplectic group associated to ωn by

GSp(2n) = {g ∈ GL(2n) : tgωng = µn(g)ωn, µn(g) ∈ GL(1)}.

For R ⊂ R a ring, we set GSp+
2n(R) to be the subgroup of GSp2n(R)

consisting of elements g with µn(g) > 0. We set Gn = ker(µn). Let Pn
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denote the Siegel parabolic subgroup of Gn, i.e., Pn = MnNn where

Mn =

{[
A 0n
0n Â

]
: A ∈ GL(n)

}
,

Nn =

{[
1n x
0n 1n

]
: x ∈ Sn

}
with x̂ = tx−1 for x ∈ Mat(n) and

Sn = {g ∈ Mat(n) : tg = g}.

Set

hn = {z ∈ Matn(C) : tz = z,=(z) > 0}.

For v ∈ a, g =

[
ag bg
cg dg

]
∈ GSp+

2n(Fv), and z ∈ hn we define

gz = (agz + bg)(cgz + dg)
−1 ∈ hn

and

j(g, z) = det(cgz + dg).

For g = (gv) ∈ Gn(AF ) with gv ∈ GSp+
2n(Fv) for all v ∈ a and z =

(zv)v∈a ∈ han we set

gz = (gvzv)v∈a

and

j(g, z) = (j(gv, zv))v∈a.

Given k = (kv)v∈a ∈ Za and x = (xv)v∈a ∈ Ca, we set

xk =
∏
v∈a

xkvv .

Fix an integral ideal N ⊂ OF . For each v ∈ f we set

Kn,v(Nv) = {g ∈ Gn(Ov) : g ≡ 12n (mod Nv)}.

Note that Kn,v(Nv) = Gn(Ov) for all but finitely many places, namely,
Kn,v(Nv) = Gn(Ov) if v - N. Put Kn,f (N) =

∏
v∈f Kn,v(N). Set Kn,a =

{κ ∈ Gn(Ra) : κ(in,a) = in,a} where we write in,a for the element of han
with in in each component. Set Kn(N) = Kn,aKn,f (N) and Γn(N) =
Gn(F ) ∩ Kn(N). Note that Γn(N) is the usual principal congruence
subgroup in Gn(OF ).

In the case that n = 2, F = Q, and N = N we will also make use of
the paramodular group. We define the paramodular group of level N
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to be the subgroup of G2(Q) defined by

Γpara(N) =



∗ N∗ ∗ ∗
∗ ∗ ∗ N−1∗
∗ N∗ ∗ ∗
N∗ N∗ N∗ ∗

 ∈ Sp4(Q)

 .

Observe that Γ2(N) ⊂ Γpara(N).
Set Sa =

∏
v∈a Sn(Fv). We have a pairing Sa × Sa → S1 given by

(x, y) 7→ ea(tr (xy)). We define a lattice Ln in Sn(F ) (respectively,
Ln,v in Sn(Fv)) by Ln = Sn(F ) ∩ Matn(NOF ) (respectively, Ln,v =
Sn(Fv) ∩Matn(NOF,v)). Set

L′ = {x ∈ Sn(F ) : tr (xLn) ⊂ OF}.
Note that since L′ is an OF -lattice in Sn(F ), we have L′v makes sense
for v ∈ f . Set Ln = N−1d(F/Q)−1L′.

2.2. Modular forms. Fix k = (kv)v∈a ∈ Za. Let f : han → C be a
function. Given g ∈ GSp2n(AF ) with gv ∈ GSp+

2n(Fv) for all v ∈ a, we
define a function f |kg on han via

(f |κg)(g) = µn(g)nk/2j(g, z)−kf(gz).

In general we drop k from the notation f |k as it will be clear from
context. Let Γ(n) be a congruence subgroup of Gn(F ) of level N, i.e.,
Γ(n)(N) ⊂ Γ(n). We let Mk(Γ

(n)) denote the finite dimensional C-
vector space of complex-valued holomorphic functions f on han satisfy-
ing f |kg = f for every g ∈ Γ(n). (We also require holomorphic at the
cusps in the case n = 1 and F = Q.) We let Sk(Γ

(n)) denote the space
of cusp forms in Mk(Γ

(n)).
Given f1, f2 ∈Mk(Γ

(n)(N)) with at least one in Sk(Γ
(n)(N)), we set

〈f1, f2〉 =
1

[Gn(OF ) : Γ(n)(N)]

∫
Γ(n)(N)\han

f1(z)f2(z)(det=(z))kdµz

where
dµz = =(z)−n−1

∧
v∈a

∧
α≤β

(dxvα,β ∧ dyvα,β)

with zv = (xvα,β + iyvα,β).

Let f ∈ Mk(Γ
(n)). The function f has a Fourier expansion of the

form
f(z) =

∑
T∈Ln

a(T ; f)ea(tr (Tz))

where a(T ; f) ∈ C. Given a ring O, we write Mk(Γ
(n);O) to denote

the collection of f ∈Mk(Γ
(n)) so that a(T ; f) ∈ O for all T ∈ Ln.
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2.3. Congruences. Given an ideal I ⊂ O and f1, f2 ∈ Mk(Γ;O), we
say f1 and f2 are congruent modulo I and write

f1 ≡ f2 (mod I)

if

a(T ; f1)− a(T ; f2) ∈ I
for all T ∈ Ln.

2.4. L-functions. Given L-function with Euler product of the form

L(s) =
∏
v∈f

Lv(s),

we write

LN(s) =
∏
v∈f
v-N

Lv(s)

and

LN(s) =
∏
v∈f
v|N

Lv(s).

Let χ be a Hecke character of F of conductor N. We define the
Dirichlet L-function attached to χ as

LN(s, χ) =
∏
v∈f
v-N

(1− χ($v)|$v|s)−1.

Let f ∈ Sk(Γ
(n)) be an eigenform. Following [4] we can associate

an automorphic form fAF
and a cuspidal automorphic representation

πf of PGSp2n(AF ) to f . Moreover, πf can be decomposed into local
components as πf =

⊗′ πf,v with πf,v an Iwahori spherical represen-
tation of PGSp2n(Fv) for v - N. For v - N the representation πf,v
is given by π(χ0, χ1, . . . , χn) for χi unramified characters of F×v . Let
α0(v; f) = χ0($v), . . . , αn(v; f) = χn($v) be the v-Satake parameters
of f normalized so that

α0(v; f)2α1(v; f) · · ·αn(v; f) = 1.

We drop f and/or v in the notation for the Satake parameters when

they are clear from context. Set α̃0 = |$v|
2nk−n(n+1)

4 α0 and

Lv(X, f ; spin) = (1− α̃0X)
n∏
j=1

∏
1≤i1≤···≤ij≤n

(1− α̃0αi1 · · ·αijX).
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The Spinor L-function associated to f is given by

LN(s, f ; spin) =
∏
v∈f
v-N

Lv(|$v|−s, f ; spin)−1.

One should note that in the case f is an elliptic modular form, we
denote the Spinor L-function as L(s, f). This is the usual L-function
attached to an elliptic modular form.

In the case f is an elliptic modular form, we will make use of the
following integrality result.

Theorem 2.1. [17, 33] Let k ≥ 2, M ≥ 1, and ` a prime with ` > k
and ` - M . Let f ∈ Sk(Γ1(M);O) be a newform where O is a finite
extension of Z`. For each integer j with 0 < j < k and every Dirichlet
character χ one has

Lalg(j, f, χ) :=
L(j, f, χ)

τ(χ)(2πi)jΩ±f
∈ Oχ

where Oχ is the finite extension of O generated by the values of χ, τ(χ)
is the Gauss sum of χ, and we normalize with Ω+

f if χ(−1) = (−1)j−1

and Ω−f if χ(−1) = (−1)j.

For v ∈ f and f ∈ Sk(Γ(n)) an eigenform, set

Lv(X, f ; st) = (1−X)
n∏
i=1

(1− αi(v; f)X)(1− αi(v; f)−1X).

We define the standard L-function associated to f by

LN(s, f ; st) =
∏
v∈f
v-N

Lv(|$v|s, f ; st)−1.

Given a Hecke character χ, we define the twisted standard L-function
associated to f by

LN(s, f, χ; st) =
∏
v∈f
v-N

Lv(χ($v)|$v|s, f ; st)−1.

2.5. Galois representations. We will make use of the following two
results giving the existence of Galois representations associated to cus-
pidal elliptic newforms and cuspidal Siegel eigenforms of genus 2. Note
that we take geometric conventions so the Frobp below refer to geomet-
ric and not arithmetic Frobenius. The first result is well known due to
Deligne, et. al.
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Theorem 2.2. Let k ≥ 2 and let φ ∈ Snew
k (Γ) be a newform with

Γ ⊂ SL2(Z) a congruence subgroup of level M . Let Q(φ) be the number
field generated by the eigenvalues of φ, λ a prime of Q(φ) over `, and E
the completion of Q(φ) at λ. Then there exists a continuous, irreducible
representation (ρφ,λ, Vφ,λ) of GQ where Vφ,λ is a 2-dimensional E-vector
space such that (ρφ,λ, Vφ,λ) is unramified at all primes p - `M and

det(12 − ρφ,λ(Frobp)p
−s) = Lp(s, φ)

for all p - `M .

Theorem 2.3. [34, Theorem I] Let f ∈ Sk(Γ(n)) be an eigenform with
Γ ⊂ G2(F ) a congruence subgroup of level M , Q(f) the number field
generated by the Hecke eigenvalues of f , and λ a prime of Q(f) over `.
There exists a finite extension E of the completion of Q(f)λ of Q(f)
at λ and a continuous semi-simple Galois representation

ρf,λ : GQ → GL4(E)

unramified away from `M so that for all p - `M we have

det(14 − ρf,λ(Frobp)p
−s) = Lp(s, f, spin).

3. Siegel Eisenstein series

3.1. Definition. We fix an integer k > n. Let χ be a Hecke character
of F satisfying

(3.1) χa(x) = (x/|x|)k

for k = (k, . . . , k) ∈ Za and

(3.2) χv(x) = 1 if v 6∈ a, x ∈ O×v , x− 1 ∈ N.

We set χN =
∏

v|N χv.
Let b and c be integral ideals in OF . For v ∈ f , define

Kn,v(b, c) =
{
g ∈ Gn(Fv) : det(g) ∈ O×v , ag, dg ∈ Matn(Ov), bg ∈ b, cg ∈ c

}
.

Put Kn,f (b, c) =
∏

v∈f Kn,v(b, c) and Kn(b, c) = Kn,aKn,f (b, c). Set
Γn(1,N) = Gn(F ) ∩ Kn(1,N).

For p =

[
ap bp
0 dp

]
∈ Pn(Fv), set

δPn,v(p) = | det(dp)|2Fv
and δPn =

∏
v δPn,v. Define the function µv by setting µv(xv) = 0 if

x /∈ Pn(Fv)K(1,N) and for pvκv ∈ Pn(Fv)K(1,N) we set

µPn,v(pvκv) =

 χv(det dpv)
−1 v - N, v /∈ a

χv(det dpv)
−1χv(det dκv) v | N, v /∈ a

χv(det dpv)
−1j(κv, in,v)

−k v ∈ a



CONGRUENCE PRIMES 9

and µPn =
∏

v µPn,v.
We define the Siegel Eisenstein series of weight k ∈ Za, level K(1,N),

and character χ by

E(g, s, k, χ,K) =
∑

γ∈Pn(F )\Gn(F )

µPn(γg)δPn(γg)−s.

To ease notation we write this Eisenstein series as E(g, s;χ).
We associate a classical Siegel Eisenstein series E(z, s;χ) to E(g, s;χ)

in the usual way. In particular, for r ∈ Gn(AF,f ) we define a function
Er(z, s;χ) on han ×C by setting

Er(z, s;χ) = j(g∞, in,a)kE(rg∞, s;χ)

where z = g∞in,a. Note that for s = (n+ 1− k)/2, we have Er(z, s;χ)
is a holomorphic modular form of weight k for k > n + 1 [27, Prop.
4.1].

3.2. Fourier coefficients. In this section we study the Fourier coef-
ficients of Siegel Eisenstein series defined in the previous section.

Define

ΛN(s) = ΛN(s, χ) = LN(2s, χ)

[n/2]∏
j=0

LN(4s− 2j, χ2)

and

D(g, s;χ) = π−d(n(n+2))/4ΛN(s)E(g, s;χ).

SetD(g;χ) := D(g, (n+1−k)/2;χ). We haveD(z;χ) ∈Mk(Γn(1,N),Q)
via [27, Prop. 4.1] where we write D(z;χ) for the classical Eisenstein
series associated to D(g;χ). As we are interested in congruences, we
need more precise results than this about the Fourier coefficients. How-
ever, this normalized Eisenstein series will be used below and in the
next section so we make note of it here.

In order to study the Fourier coefficients of the Eisenstein series
above, we follow Shimura and shift to the Eisenstein series

E∗(g, s;χ) = E(gω−1
n,f , s;χ).

We write D∗(z, χ) for the normalized classic Eisenstein series associated
to E∗(g, (n+ 1− k)/2;χ).

One has a Fourier expansion for E∗ of the form

E∗
([

q σq̂
0 q̂

]
, s;χ

)
=

∑
h∈Sn(F )

c(h, q, s)eAF
(tr (hσ))

for q ∈ GLn(AF ) and σ ∈ Sn(AF ).
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Lemma 3.1. [29, Lemma 18.7(2)] For t = diag[q1, q̂1] with q1 ∈ GLn(AF,f )
and z = x + iy ∈ ha put ct(h, y, s) = det(y)−k/2c(h, q, s) with q ∈
GLn(AF ) so that qf = q1 and qa = y1/2. Then

E∗t (z, s) =
∑

h∈Sn(F )

ct(h, y, s)ea(tr (hx)).

We have the following proposition that calculates the Fourier coef-
ficients c(h, q, s). We will define the terms appearing in the formula
after the proposition.

Proposition 3.2. [29, Prop. 18.14] Suppose that N 6= OF . Then
c(h, q, s) 6= 0 only if (q∗hq)v ∈ (Nd(F/Q))−1

v L′v for every v ∈ f in
which case we have

c(h, q, s) =c(S)χ(det(q))−1 N(N)−nλ| det(qq∗)f |λ−sF | det(qq∗)a|s

· αN(ωq∗hq, 2s, χ)Ξ(qq∗, h, s+ k/2, s− k/2)

where ω ∈ A×F,f such that ωOF = d(F/Q), and λ = (n+ 1)/2.

The value c(S) arises from comparing the local and global measures
and is given by

c(S) = |DF |−n(n+1)/4.

The function Ξ is defined by

Ξ(y, w; t, t′) =
∏
v∈a

ξ(yv, wv; tv, t
′
v)

for t, t′ ∈ Ca, y ∈ Sn(AF ), yv > 0 for v ∈ a, w ∈ Sn(AF ) and ξ is
defined by

ξ(y, h; s, s′) =

∫
Sn(Fv)

ev(tr (−hx)) det(x+ iy)−s det(x− iy)−s
′
dx

for s, s′ ∈ C, 0 < y ∈ Sn(Fv), h ∈ Sn(Fv), v ∈ a.
For each v ∈ f , take an element δv ∈ Fv so that δvOv = d(F/Q)v.

The function αN is defined by

αN(ζ, s, χ) =
∏
v-N

α(ζv, s, χ)

where

α(ζv, s, χ) =
∑

σ∈Sn(Fv)/Λv

ev(δ
−1
v tr (ζσ))χ∗(ν1(σ))ν[σ]−s.

Note we are not defining all the terms used to define α as we have the
following result.
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Proposition 3.3. [29, Prop. 19.2] Let r = rank(h) and g∗hg =
diag[h′, 0] with g ∈ GLn(F ) and h′ ∈ Sr(F ). Set c = (−1)r/2 det(h′)
if r > 0 and c = 1 if r = 0. Let ρh be the quadratic Hecke character
corresponding to F (c1/2)/F if r > 0 and ρh = 1 if r = 0. We have

αN(ωq∗hq, 2s, χ) =
ΛN
h (s)

ΛN(s)

∏
v∈c

fh,q,v(χ($v)|$v|2s)

with c ⊂ f a finite set, fh,q,v ∈ Z[x] with constant term 1 independent
of χ, and

ΛN
h (s) =

{
LN(2s− n+ r/2, χρh)

∏[(n−1)/2]
j=1 LN(4s− 2n+ r + 2j − 1, χ2) r ∈ 2Z,∏[(n−r+1)/2]

j=1 LN(4s− 2n+ r + 2j − 2, χ2) r 6∈ 2Z.

We will now specialize to the case s = (n + 1 − k)/2 and q with
qa = y1/2. Note that since y is symmetric, qaq

∗
a = y. Using this we

have

c

(
h, q,

n+ 1− k
2

)
=|DF |−

n(n+1)
4 χ(det(q))−1 N(N)−

n(n+1)
2 | det(qq∗)f |

k
2
F | det(y)|

n+1−k
2

· αN(ωq∗hq, n+ 1− k, χ)Ξ

(
y, h,

n+ 1

2
,
n+ 1− 2k

2

)
.

The next step is to evaluate Ξ.
To evaluate Ξ, we turn to [26]. Note that we are interested in Case

K with K = R so that Vm = Sn(R). In this paper Shimura studies

ξ(g, h;α, β) =

∫
Sn(R)

e(tr (−hx)) det(x+ ig)−α det(x− ig)−βdx,

which corresponds to ξ exactly upon renaming variables. Thus, we
want to evaluate ξ

(
y, h, n+1

2
, n+1−2k

2

)
.

Define

Γt(a) = πt(t−1)/4

t−1∏
j=0

Γ(a− j/2).

Let V (a, b, c) be the set of elements h ∈ Sn(R) with a positive eigen-
values, b negative eigenvalues, and c copies of 0 as an eigenvalue. We
have via [26, (4.34K)] that for h ∈ V (a, b, c)

ξ(g, h;α, β) =|σ|−1in(β−α)2ϕπψΓc(α + β − κ)Γn−b(α)−1Γn−a(β)−1

· det(g)κ−α−βd+(hg)α−κ+ιb/4

· d−(hg)β−κ+ιa/4ω(2πg, h;α, β)
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where

ϕ = (2a− n)α + (2b− n)β + (n+ c)κ+ ιab/2

ψ = aα + bβ + c+ (ι/2)(c(c− 1)− ab),

κ = (n + 1)/2, σ = 2n(n−1)/2, ι = [K : R] = 1, and we use d+(g) to
denote the product of the positive eigenvalues of g (similarly for d−).
Observe that [1, Lemma VIII.14] gives the Fourier coefficients vanish if
h < 0 as long as k > n. Note that this result is for the Hermitian Siegel
Eisenstein series, but the argument follows verbatim for our case. Thus
we can assume b = 0. The above equation reduces to

ξ(g, h;α, β) =|σ|−1in(β−α)2ϕπψΓc(α + β − κ)Γn(α)−1Γn−a(β)−1

· det(g)κ−α−βd+(hg)α−κω(2πg, h;α, β).

We can apply [26, (4.35K)] to conclude that

ω(2πg, h;α, c/2) = ω(2πg, h; (n+ 1)/2, β) = 2−a(n+1)/2πac/2e(itr (gh)).

We now specialize all of this to the case α = n+1
2

and β = n+1−2k
2

.
Since c = n− a, this gives

ϕ =
(n+ 1)(2a+ c− n) + 2nk

2
=
na+ a+ 2nk

2

ψ =
a(n+ 1) + c(c+ 1)

2
=
n2 + n+ a2 − na

2
.

We can simplify the equation for ξ

ξ(y, h;α, β) = |σ|−1ink2ϕπψΓn(α)−1 det(y)−βω(2πy, h;α, β).

Observe that ψ + ac
2

= n(n+ 1)/2 and ϕ− n(n− 1)/2− a(n+ 1)/2 =
nk − n(n+ 1)/2. Thus,

ξ(y, h;α, β) = 2
2nk−n(n+1)

2 i−nkπ
n(n+1)

2 Γn(α)−1 det(y)−βe(itr (yh)).

Combining all of this, we have

c(h,q, (n+ 1− k)/2) = 2
(2nk−n(n+1))d

2 i−nkd|DF |−
n(n+1)

4 χ(det(q))−1 N(N)−
n(n+1)

2

· | det(qq∗)f |
k
2
F det(y)k/2αN(ωq∗hq, n+ 1− k, χ)π

n(n+2)d
4 P−dn ea(itr (yh)),

where

Pn =

[(n+1)/2]∏
j=0

j!

[(n+1)/2]−1∏
j=0

(2j + 1)!!

2j+1
.

Write the Fourier expansion of D as

D∗
([

q σq̂
0 q̂

]
;χ

)
=

∑
h∈Sn(F )

c̃(h, q)eAF
(tr (hσ))
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for q ∈ GLn(AF ) and σ ∈ Sn(AF ). Then for q chosen as above we have

c̃(h, q) =2
(2nk−n(n+1))d

2 i−nkd|DF |−
n(n+1)

4 χ(det(q))−1 N(N)−
n(n+1)

2

· | det(qq∗)f |
k
2
F det(y)k/2α̃N(ωq∗hq, n+ 1− k, χ)P−dn ea(itr (yh)),

where α̃N(ωq∗hq, n + 1 − k, χ) = ΛN
(
n+1−k

2

)
αN(ωq∗hq, n + 1 − k, χ).

Using the notation as in Lemma 3.1, we have

D∗t (z) =
∑

h∈Sn(F )
h≥0

c̃t(h)ea(tr (hz))

where

c̃t(h) = det(y)−k/2c̃(h, q)

= 2
(2nk−n(n+1))d

2 i−nkd|DF |−
n(n+1)

4 χ(det(q))−1 N(N)−
n(n+1)

2

· | det(qq∗)f |
k
2
F α̃

N(ωq∗hq, n+ 1− k, χ)P−dn .

As we are assuming hF = 1, we can take q ∈ Gn(AF ) such that qf = 1n
and qa = y1/2, and so

c̃12n(h) = 2
(2nk−n(n+1))d

2 i−nkd|DF |−
n(n+1)

4 N(N)−
n(n+1)

2 α̃N(ωq∗hq, n+ 1− k, χ)P−dn .

where we have used that χ(det(y)1/2) = χa(det(y)1/2) = 1 since y > 0.

Proposition 3.4. Let F be a totally real field such that hF = 1. Let
k > n + 1 and let ` be an odd prime with ` - DF N(N)n!. There exists
a finite extension O of Z` so that

c̃12n(h) ∈ O
for all h ∈ Sn(F ).

Proof. This is mostly obvious from the calculations above. It only
remains to show that α̃N(ωq∗hq, n + 1 − k, χ) ∈ OE for E some finite
extension of Q`. However, this follows immediately from results on
special values of Dirichlet L-functions and the fact that k > n+ 1; see
for example [9, Prop. 3.1]. �

4. Pullbacks and inner product formula

Let E(z;χ) := E14n(z, (2n+ 1− k)/2;χ) be the classic Siegel Eisen-
stein series of weight k and level Γ2n(1,N) defined on ha2n as given in
the previous section and D(z, χ) the normalized Eisenstein series as-
sociated to E(z, χ). In this section we consider the pullback of this
Eisenstein series to han × han and specialize an inner product relation of
Shimura to our setting.
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We have an embedding ι : han × han ↪→ ha2n via (z, w) 7→
[
z 0
0 w

]
. We

have Sp(2n)× Sp(2n) embeds in Sp(4n) via

[
a1 b1

c1 d1

]
×
[
a2 b2

c2 d2

]
7→


a1 0 b1 0
0 a2 0 b2

c1 0 d1 0
0 c2 0 d2

 .
Under these maps, given a modular form f ∈ Mk(Γ

(2n)) for a congru-
ence subgroup Γ(2n), we can restrict f to a function on han × han via
f(ι(z, w)). In fact, one has f(ι(z, w)) is a weight k modular form in of
z and w independently. In particular, we have that E(ι(z, w);χ) is a
weight k and level Γn(1,N) modular form in z and w independently.
Moreover, one knows that E(ι(z, w);χ) is a cusp form in each variable,
see [14].

Observe that the Fourier expansion of f can be written as

f(ι(z, w)) =
∑

T1,T2∈Ln

 ∑
T∈L2n(T1,T2)

a(T ; f)

 ea(Tr(T1z))ea(Tr(T2w))

where a(T ; f) is the T -th Fourier coefficient of f and for T1, T2 ∈ Ln
we define

L2n(T1, T2) =

{
T ∈ L2n : T =

[
T1 b
b T2

]}
.

From this we immediately have that if f has Fourier coefficients in
some ring O, so does f(ι(z, w)).

We define an element σ = (σv)v∈f ∈ G2n(AF,f ) by setting

σv =

{
τn v | N
14n v - N

where τn is defined by

τn =

[
12n 02n

ρn 12n

]
with

ρn =

[
0n 1n
1n 0n

]
.

We use strong approximation to obtain an element ρ of G2n(F ) ∩
K2n(1,N)σ so that a(σρ−1)v − 12n ∈ Mat2n(NOF,v) for every v | N.

Remark 4.1. Observe that the map h 7→ h|ωn gives an isomorphism
from Sk(Γn(N)) to Sk(Γn(N)), so if we view h as having level Γn(N),
then (h|ωn)c also has level Γn(N).
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Let f ∈ Sk(Γ) be an eigenform with Γ a congruence subgroup of
level M with M | N. Observe that Γn(N) ⊂ Γ and Γn(N) ⊂ Γn(1,N).
This means we can view f and (E|ρ)(ι(z, w);χ) as cusp forms of level
Γn(N) where we are viewing (E|ρ)(ι(z, w);χ) as a cusp form in the w
variable. The inner product formula we are interested in is given in
[28, (6.17)]. Specialized to our case it gives

[Sp2n(OF ) : Γn(N)]〈ΛN(2n+ 1− k)(E|ρ)(ι(z, w);χ), (f |ωn)c(w)〉
= 2cn,k(n− k + 1/2)LN(2n+ 1− k, f, χ; st)f(z).

For ` > 2n− 1, we have cn,k(n− k + 1/2) = πdn(n+1)/2u for u an `-adic
unit. Thus, we have

〈(D|ρ)(ι(z, w);χ), (f |ωn)c(w)〉(4.1)

=
2u

[Sp2n(OF ) : Γn(N)]
· L

N(2n+ 1− k, f, χ; st)

πdn(n+1)/2
f(z).(4.2)

In the next section we will make use of this inner product formula to
produce a congruence between a eigenform f ∈ Sk(Γ) and a cuspidal
eigenform that is orthogonal to f .

5. Congruence

In this section we combine the results of the previous section to pro-
duce the desired congruence. In the following section we will specialize
the congruence to a particular case of interest.

Given Γ1 ⊂ Γ2, we define the trace operator

tr Γ2
Γ1

: Mk(Γ1)→Mk(Γ2)

f 7→
∑

γ∈Γ1\Γ2

f |γ.

Note that if f has O-integral Fourier coefficients for O some finite
extension of Z`, the q-expansion principle implies that tr f also has
O-integral Fourier coefficients.

Let Γ(n) be a congruence subgroup of level M with M | N. Recall
that (D|ρ)(ι(z, w);χ) is a cusp form of weight k and level Γn(1,N) in z
and w independently as noted above. In particular, we have Γn(N) ⊂
Γn(1,N), so we can view (D|ρ)(ι(z, w);χ) as a cusp form in z and w of
weight k and level Γn(N).

Fix f ∈ Sk(Γ(n);O) be an eigenform for O a sufficiently large finite
extension of Z` with maximal ideal λ and uniformizer $. Moreover,
assume the Fourier coefficients of f are real. We will enlarge O as
necessary in the proof, but continue to denote the larger ring as O.
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Let f = f1, f2, . . . , fr be an orthogonal basis of eigenforms of Sk(Γn(N))
with each fi ∈ Sk(Γn(N);O). Write

(D|ρ)(ι(z, w);χ) =
m∑

i,j=1

ci,jfi(z)(fj|ωn)c(w),

which is possible via Remark 4.1. We have via [8, Prop. 5.1] that
ci,j = 0 unless i = j. Note that the reference given is for F = Q and
Γ = Sp2n(Z), but the exact same proof carries over to our situation.
Thus, we can write

(D|ρ)(ι(z, w);χ) = c1f(z)(f |ωn)c(w) +
r∑
i=2

cifi(z)(fi|ωn)c(w)

where ci := ci,i. We can now use the fact the fi form an orthogonal
basis combined with equation (4.1) to obtain

c1 =
2u

[Gn(OF ) : Γn(N)]
· LN(2n+ 1− k, f, χ; st)

πdn(n+1)/2〈(f |ωn)c, (f |ωn)c〉

for u an `-adic unit. Observe that we have (f |ωn)c = f c|ω−1
n

via [28, pg.
562]. Moreover, since we are assuming f has real Fourier coefficients
we have (f |ωn)c = f |ω−1

n
. Thus, we have

c1 =
2u

[Gn(OF ) : Γn(N)]
· L

N(2n+ 1− k, f, χ; st)

πdn(n+1)/2〈f, f〉
.

Write

LN
alg(2n+ 1− k, f, χ; st) =

LN(2n+ 1− k, f, χ; st)

πdn(n+1)/2〈f, f〉
∈ Q.

Theorem 5.1. Let F/Q be a totally real number field of class number
one. Let M ⊂ OF be an integral ideal and Γ(n) ⊃ Γn(M) a congruence
subgroup. Let k = (k, . . . , k) ∈ Za with k > n. Let ` be a rational
prime with ` - DF (2n − 1)!. Let f ∈ Sk(Γ(n);O ∩R) be an eigenform
where O is a suitably large finite extension of Z` with maximal ideal
λ and uniformizer $ with f normalized so that there exists T0 so that
valλ(a(T0; (f |ωn)c)) = 0. If there exists a proper ideal N ⊂ OF , M | N,
` - N(N), a Hecke character χ defined as in (3.1) and (3.2) so that

valλ(L
N
alg(2n+ 1− k, f, χ; st)) = b < 0,

then there exists a g ∈ Sk(Γn(N)) ∩ (Cf)⊥ so that f ≡ g (mod λb).
Moreover, if ` - [Γ(n) : Γn(N)] then there exists g ∈ Sk(Γ(n)) ∩ (Cf)⊥

so that f ≡ g (mod λb).
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Proof. As above, write

(5.1) (D|ρ)(ι(z, w);χ) = c1f(z)(f |ωn)c(w) +
r∑
i=2

cifi(z)(fi|ωn)c(w).

Our hypothesis allows us to write c1 = $−bα for val$(α) = 0. Ex-
panding each side of (5.1) in its Fourier expansion in terms of the w
variable, multiplying both sides by $b, and equating the T0th Fourier
coefficients we have∑

T1∈Ln

 ∑
T∈L2n(T1,T0)

$ba(T ; (D|ρ) ◦ ι)

 e(Tr(T1z))

= αa(T0; (f |ωn)c)f(z) +
r∑
i=2

$bcia(T ; (fi|ωn)c)fi(z).

Observe that since a(T ; (D|ρ)◦ ι) ∈ O for all T , we have $ba(T ; (D|ρ)◦
ι) ≡ 0 (mod $b) for all T . Thus,

f(z) ≡ (αa(T ; (fωn)c))−1

r∑
i=2

$bcia(T ; (fi|ωn)c)fi(z) (mod λb).

Setting

h(z) = (αa(T ; (fωn)c))−1

r∑
i=2

$bcia(T ; (fi|ωn)c)fi(z),

we have h ∈ Sk(Γn(N);O) and f ≡ h (mod λb). To obtain a congru-
ence to a form in Sk(Γ

(n)), we use that if h has Fourier coefficients in
O, so does h|γ for each γ ∈ Γ(n) by the q-expansion principle. Since
(f−h)/$b is a modular form with coefficients in O, so is (f |γ−h|γ)/$b.
This gives f |γ ≡ h|γ (mod λb) for each γ ∈ Γ(n). Thus, taking traces
and using that f has level Γ(n) we obtain

f ≡ g (mod λb)

where

g(z) =
1

[Γ(n) : Γn(N)]
tr Γ(n)

Γn(N)h.

�

6. Congruences of Saito-Kurokawa lifts of paramodular
level

In this section we apply the results of the previous section to the
case that f is a Saito-Kurokawa lift of paramodular level, also known
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as a Gritsenko lift. We specialize to the case that F = Q, n = 2 and
M = M .

6.1. Existence and basic facts. Let k ≥ 2 and M ≥ 1. We let
Snew,−

2k−2 (Γ0(M)) denote the subspace of Snew
2k−2(Γ0(M)) such that the sign

of the functional equation of the associated L-function is −1.
One has that Snew,−

2k−2 (Γ0(M)) is isomorphic as a Hecke module to the
space of Jacobi forms Jcusp,new

k,M (SL2(Z)J) [32]. Note this isomorphism
depends on a choice of a negative fundamental discriminant D. More-
over, we can normalize the isomorphism to be algebraic.

Proposition 6.1. [16, Section 11.4] Let φ ∈ Snew,−
2k−2 (Γ0(M);O) be a

Hecke eigenform. There is a nonzero Ω ∈ C× so that

ϕalg
D (φ) :=

1

Ω
ϕD(φ) ∈ Jcusp,new

k,M (SL2(Z)J , φ;O)

where

Jcusp,new
k,M (SL2(Z)J , φ) = {ϕ ∈ Jcusp

k,M (SL2(Z)J) : TJ(p)ϕD = a(p;φ)ϕD ∀p -M}

where TJ(p) is defined as in [12, Section 4].

Let ϕ ∈ Jcusp,new
k,M (SL2(Z)J). Given a positive integer m, define

(Vmϕ)(τ, z) = mk−1
∑

γ∈Mat2(Z)
det(γ)=m

j(γ, τ)−ke

(
−mMcγz

2

cγτ + dγ

)
ϕ

(
γτ,

mz

cγτ + dγ

)
.

This sends a form ϕ ∈ Jcusp
k,M (SL2(Z)J) to a form in Jcusp

k,mM(SL2(Z)J). If

ϕ(τ, z) =
∑

D<0,r∈Z
D≡r2 (mod 4)

c(D, r;ϕ)e

(
r2 −D

4
τ + rz

)
,

then

(Vmϕ)(τ, z) =
∑

D<0,r∈Z
D≡r2 (mod 4m)


∑

d|gcd(r,m)
gcd(d,M)=1

D≡r2 (mod 4md)

dk−1c

(
D

d2
,
r

d

)
 e

(
r2 −D

4m
τ + rz

)
.

Gritsenko ([15]) uses this index shifting operator to construct Gϕ ∈
Sk(Γ

para(M)) by setting

Gϕ(τ, z, w) =
∞∑
m=1

(Vmϕ)(τ, z)e(mMw)
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where Z =

[
τ z
z w

]
∈ h2. The Fourier expansion of Vmϕ makes it clear

that if ϕ has Fourier coefficients in O, so does Gϕ.
We can combine these two liftings to obtain the paramodular Saito-

Kurokawa lifting of φ, i.e., given φ ∈ Snew,−
2k−2 (Γ0(M)) we obtain fφ,D ∈

Sk(Γ
para(M)) via sending φ to ϕalg

D (φ), and ϕalg
D (φ) to fφ,D := Gϕalg

D (φ).

We summarize this in the following theorem.

Theorem 6.2. [15, 32] Let k ≥ 2 and M ≥ 1. Let φ ∈ Snew,−
2κ−2 (Γ0(M))

be a newform. Given a negative fundamental discriminant D, there ex-
ists a nonzero cuspidal Siegel eigenform fφ,D ∈ Sκ(Γpara(M)) satisfying

LM(s, fφ,D; spin) = ζM(s− κ+ 1)ζM(s− κ+ 2)LM(s, φ).

If O is a ring that can be embedded into C and φ has Fourier coefficients
in O, the lift fφ,D can be normalized to have Fourier coefficients in O.
If O is a DVR, fφ,D can be normalized to have Fourier coefficients in
O with at least one Fourier coefficient in O×.

Note that we have

(fφ,D)σ = fφσ ,D

for all σ ∈ Aut(C). In particular, if we take a newform φ we know that
φ has real Fourier coefficients, so fφ,D also has real Fourier coefficients.
Moreover, we have the following result.

Definition 6.3. Let Σ be a set of finite primes containing the primes
dividing M . Let SSK

k (Γpara(M)) denote the subspace of Sk(Γ
para(M))

spanned by common eigenforms f away from Σ such that

LΣ(s, f, spin) = ζΣ(s− k + 1)ζΣ(s− k + 2)LΣ(s, φ)

for some φ ∈ S−2k−2(Γ0(M)). Write SK(φ) for the subspace of SSK
k (Γpara(M))

spanned by common eigenforms f away from Σ such that

LΣ(s, f, spin) = ζΣ(s− k + 1)ζΣ(s− k + 2)LΣ(s, φ).

We set SN-SK
k (Γpara(M)) be the orthogonal complement of SSK

k (Γpara(M))
in Sk(Γ

para(M)).

We have via Theorem 6.2 that dimC SK(φ) ≥ 1 for φ ∈ Snew,−
2k−2 (Γ0(M))

a newform. Moreover, we have the following multiplicity one result.

Theorem 6.4. [25, Theorem 5.2] Let M be odd and square-free. Let
φ ∈ Snew,−

2k−2 (Γ0(M)) be a newform. Then the space SK(φ) is one dimen-
sional.
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One has for a Hecke character χ, the standard L-function of fφ,D
factors as

LM(5− k, fφ,D, χ; st) = LM(3− k, χ)LM(1, f, χ)LM(2, f, χ)

where we have specialized to the special value that arises in Theorem
5.1.

The following result on the structure of the Galois representation
of a paramodular Saito-Kurokawa lift follows immediately from the
factorization of the associated Spinor L-function.

Corollary 6.5. Let ε be the `-adic cyclotomic character and let fφ,D ∈
SK(φ) be an eigenform. Then

ρfφ,D,λ ' ε2−k ⊕ ρφ,λ ⊕ ε1−k.

Corollary 6.6. Let TS
Z and TZ be the standard Hecke algebras acting

on the space of cusp form Sk(Γ
para(M)) and S−2k−2(Γ0(M)) respectively.

There exists a surjection Φ : TS
Z → TZ satisfying

T (fφ,D) = fΦ(T )φ,D

for all T ∈ TS
Z.

We will make use of the following relation between 〈fφ,D, fφ,D〉 and
〈φ, φ〉.

Corollary 6.7. [10, Corl. 4.6] Let φ ∈ Snew
2k−2(Γ0(M)) be a newform.

Let D be a negative fundamental discriminant so that M - D and D
is a square modulo 4M . Let fφ,D ∈ Sk(Γpara(M)) be the paramodular
Saito-Kurokawa lift of φ. Then we have

〈fφ,D, fφ,D〉
〈φ, φ〉

= Ck,M
|a(D;ϕalg

D )|2L(4, χM)L(k, φ)

π5|D|k−3/2L(k − 1, φ, χD)

where

Ck,M =
3 · 5 · (k − 1)M2(M + 1)[G1(Z) : Γ0(M)]

23(M − 1)[G2(Z) : Γpara(M)]
.

6.2. Constructing the congruence. The goal of this section is to
produce a congruence between a paramodular Saito-Kurokawa lift fφ,D ∈
SSK
k (Γpara(M)) and a Siegel modular form g ∈ SN-SK

k (Γpara(M)). As the
case of k is covered by the main theorem of [2], we restrict ourselves to
the case k is odd here.

Let f1 = fφ,D, . . . , fr+m be an orthogonal basis of Sk(Γ
para(M)) con-

sisting of eigenforms away from M with f1, . . . , fr ∈ SSK
k (Γpara(M)).
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We enlarge our `-adic ring O so that this basis is defined over O. As in
Section 5 we choose a character χ and N > 1 so that M | N and write

(D|ρ)(ι(z, w);χ) = c1fφ,D(z)(fφ,D|ωn)c(w) +
r+m∑
i=2

cifi(z)(fi|ωn)c(w).

As we desire a congruence between fφ,D and a form in SN-SK
k (Γpara(M)),

we apply a certain Hecke operator to (D|ρ)(ι(z, w);χ) in the z-variable.
The Hecke operator is given by the following theorem; see also [2,
Theorem 6.4] for the congruence level case.

Theorem 6.8. Let M be square-free, ` > k a prime, and ` - M . Let
φ ∈ Snew,−

2k−2 (Γ0(M);O) be a newform with ρφ,λ irreducible. If M = 1, 3

we further assume that φ is ordinary at `. Then there exists T Sφ defined

over O so that T Sφ fφ,D = αφfφ,D with αφ = uφ
〈φ,φ〉

Ω+
φΩ−φ

for uφ ∈ O× and

T Sφ fi = 0 for i = 2, . . . , r.

Proof. The exact same argument used to prove [2, Theorem 6.4] applies
in this case. �

This allows us to write

T Sφ (D|ρ)(ι(z, w);χ) = c1αφfφ,D(fφ,D|ωn)c(w)+
m∑

i=r+1

ciT
S
φ fi(z)(fi|ωn)c(w).

We now study c1αφ to produce our congruence as above. We know
since D < 0, χD(−1) = −1 so the fact that k is odd gives that Ω+

f is
the correct period for L(k, φ) and L(k − 1, φ, χD) so

L(k − 1, φ, χD)

L(k, φ)
=
τ(χD)Lalg(k − 1, φ, χD)

(2πi)Lalg(k, φ)
.

We also have

LN(1, φ, χ)LN(2, φ, χ)

Ω+
φΩ−φ

=
τ(χ)2(2πi)3Lalg(1, φ, χ)Lalg(2, φ, χ)

LN(1, φ, χ)LN(2, φ, χ)
.

We apply the calculation of c1 in Section 5 with Corollary 6.7 and
the factorization of the standard L-function of a paramodular Saito-
Kurokawa lift to obtain

αφc1 = Ck,M,N,D
π2LN(3− k, χ)LN(1, φ, χ)LN(2, φ, χ)L(k − 1, φ, χD)

L(4, χM)L(k, φ)Ω+
φΩ−φ

= Ck,M,N,D,χ

LN(3− k, χ)LNalg(1, φ, χ)LNalg(2, φ, χ)Lalg(k − 1, φ, χD)

L(4, χM)Lalg(k, φ)
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where

Ck,M,N,D =
uuφ24(M − 1)|D|k−3/2

3 · 5 · (k − 1)M2(M + 1)[SL2(Z) : Γ0(M)][Γpara(M) : Γ2(N)]|a(D;ϕalg
D )|2

and
Ck,M,N,D,χ = 22τ(χD)τ(χ)2Ck,M,N,D.

Observe that if we choose an odd prime ` > k so that ` - DN(M − 1)
then

ord$(Ck,M,N,D,χ) ≤ 0.

This gives the following theorem.

Theorem 6.9. Let k and M be positive integers with k ≥ 6 and M
odd and square-free. Let φ ∈ Snew,−

2k−2 (Γ0(M)) be a newform. Let ` > k
be a prime with ` - M and ρφ,λ irreducible. Furthemore, if M = 1
or M = 3 assume φ is ordinary at `. Let O be a sufficiently large
finite extension of Z` with maximal ideal λ and uniformizer $. As-
sume that ordλ(Lalg(k, φ)) > 0. If there exists a negative fundamental
discriminant D so that `M - D, D is a square modulo 4M , and an
integer N > 1 so that M | N , ` - N [Γpara(M) : Γ2(N)], and a Dirichlet
character χ of conductor N so that

ordλ

(
LN(3− k, χ)LNalg(1, φ, χ)LNalg(2, φ, χ)Lalg(k − 1, φ, χD)

L(4, χM)Lalg(k, φ)

)
= −b < 0,

then there exists a nonzero g ∈ SN-SK
k (Γpara(M)) so that

fφ,D ≡ g (mod λb).

Proof. This follows immediately from the calculations preceding this
theorem combined with Theorem 5.1. �

6.3. CAP ideal and a lower bound. Our goal is to apply Theo-
rem 6.9 to give evidence for the Bloch-Kato conjecture in some new
cases. In order to do this, we must show that fφ,D is congruent to
an eigenform with irreducible Galois representation. One has that if
g ∈ Sk(Γpara(M)) has reducible Galois representation, then g is CAP of
Saito-Kurokawa type or a weak endoscopic lift [30, Theorem 3.2.1]. We
begin this section by showing under which conditions we can guarantee
fφ,D is congruent to an eigenform with irreducible Galois representa-
tion. We then introduce the CAP ideal. This ideal plays much the
same role as the Eisenstein ideal does in the classical theory, namely,
the CAP ideal will measure congruences between fφ,D and eigenforms
with irreducible Galois representations. We use Theorem 6.9 to give
a lower bound on the index of this ideal; this will allow us to give a
bound on an appropriate Selmer group in Section 7.2.
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Definition 6.10. Let G be a reductive group defined over Q.

(1) Let Π = ⊗Πv and Π′ = ⊗Π′v be two irreducible automorphic
representations of G(A). We say Π and Π′ are nearly equivalent
if Πv

∼= Π′v for almost all places v.
(2) Let P be a parabolic subgroup of G with Levi decomposition

P = MPNP . We say an irreducible cuspidal automorphic rep-
resentation Π of G(A) is CAP with respect to P if there is an
irreducible cuspidal automorphic representation π of MP (A)
so that Π is nearly equivalent to an irreducible component of

Ind
G(A)
P (A) π.

Definition 6.11. A unitary irreducible cuspidal representation Π of
GSp4(A) is called a weak endoscopic lift, if there exist two unitary
irreducible cuspidal automorphic representations π1, π2 of GL2(A) with
central characters ωπ1 = ωπ2 such that

Lv(s,Π) = Lv(s, π1)Lv(s, π2)

holds for almost all places. Here Lv(s,Π) denotes the local L-factor of
the spinor L-series.

We are interested in the case thatG = GSp(4). Let f ∈ Sk(Γpara(M))
and fA the associated automorphic form. We say f is a CAP form if
the representation Πf generated by fA is a CAP representation. It is
known via [22, Corl. 4.5] that if f is CAP with k > 2 then it must
be CAP to the Siegel parabolic subgroup. Moreover, Πf is CAP with
respect to the Siegel parabolic if and only if it is either a theta lift from

an irreducible cuspidal automorphic representation σ̃ of S̃L2(A) or is a

twist of a theta lift by a non-trivial quadratic character ω where S̃L2

is the metaplectic cover of SL2 and ω is a one-dimensional representa-
tion of G(A) via g 7→ ω(µ2(g)) [21, Theorem 2.1]. The case of a theta
lift gives rise to the Saito-Kurokawa lifting, and in the case that M is
square-free, Πf cannot be the nontrivial twist of a theta lift via the
following theorem.

Theorem 6.12. [2, Theorem 7.3] Let f ∈ Sk(Γpara(M)) be an eigen-
form so that fA generates a CAP automorphic representation. If M is
square-free then necessarily f ∈ SSK

k (Γpara(M)).

Proof. The proof given for [2, Theorem 7.3] for level Γ
(2)
0 (M) carries

over verbatim except the local representations Π(St⊗1) and Π(St⊗ St)
must be switched to Π(St⊗1) and Π(ξ St⊗1) to account for the fact
we are dealing with level Γpara(M). �
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The proof of the following theorem follows over exactly as in the
reference given.

Theorem 6.13. [2, Theorem 7.4] Let k ≥ 2 be an integer, M an odd
square-free integer, and let ` > 2k − 2 be a prime with ` - M , ` -
(p2−1) for all p |M . Let φ ∈ Snew,−

2k−2 (Γ0(M)) be a newform and fφ,D ∈
Sk(Γ

para(M)) be the Saito-Kurokawa lift of φ. If g ∈ Sk(Γpara(M)) is
an eigenform so that fφ,D ≡ev,Σ g (mod λ) for some finite set of primes
Σ, then g is not a weak endoscopic lift. Here we write ≡ev,Σ to indicate
the Hecke eigenvalues are congruent away from the primes in Σ.

We are now in a position to refine Theorem 6.9.

Corollary 6.14. With the setup as in Theorem 6.9 and with the ad-
ditional assumption that ` - (p2 − 1) for all p | M , there exists an
eigenform f ∈ SN-SK

k (Γpara(M)) so that

fφ,D ≡ev,Σ f (mod λ)

for Σ a finite set of places. Moreover, the Galois representation asso-
ciated to f is irreducible.

Proof. Let g be as in Theorem 6.9 and Σ the set of places dividing M .
Let TS,Σ

O denote the O-subalgebra of EndC(Sk(Γ
para(M)) generated by

the Hecke operators away from Σ. We have that TS,Σ
O factors as

TS,Σ
O
∼=
∏

TS,Σ
m

where the product runs over the maximal ideals of TS,Σ
O . Associated

to fφ,D there is a maximal ideal mfφ,D among those in the product.

This maximal ideal is given by the kernel of the map TS,Σ
O → O → F

given by sending the Hecke operator T to λ(T ; fφ,D) where λ(T ; fφ,D)

denotes the T th eigenvalue of fφ,D. The decomposition of TS,Σ
O into

this product gives a Hecke operator Tfφ,D ∈ TS,Σ
O so that Tfφ,Df = f if

mf = mfφ,D and Tfφ,Df = 0 if mf 6= mfφ,D . In other words, Tfφ,Df = f
if f ≡ev,Σ fφ,D (mod λ) and Tfφ,Df = 0 if f 6≡ev,Σ fφ,D (mod λ).

Write g =
∑
aifi with the fi giving a basis of eigenforms away

from M of SN-SK
k (Γpara(M)). Observe that Tfφ,Dg 6≡ 0 (mod λ) since

Tfφ,Dg ≡ fφ,D (mod λ). Thus, there is an eigenform f ∈ SN-SK
k (Γpara(M))

with f ≡ev,Σ fφ,D (mod λ). Moreover, we know that f must have ir-
reducible Galois representation by Theorem 6.4, Theorem 6.12 and
Theorem 6.13. �

The previous theorem gives a congruence between fφ,D and an eigen-
form with irreducible Galois representation, but unfortunately if b > 1
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in Theorem 6.9 that is not reflected in the previous theorem. We get
around this by introducing the CAP ideal associated to fφ,D. This
ideal measures all congruences between fφ,D and eigenforms with irre-

ducible Galois representations. Let TN-SK,Σ
O denote the image of TS,Σ

O
in EndC(SN-SK

k (Γpara(M))). Let Ψ : TS,Σ
O → TN-SK,Σ

O denote the canon-
ical O-algebra surjection. Write Ann(fφ,D) for the annihilator of fφ,D
in TS,Σ

O and observe we have an isomorphism

TS,Σ
O /Ann(fφ,D) ∼= O.

As Ψ is surjective, we have that Ψ(Ann(fφ,D)) is an ideal in TN-SK,Σ
O .

We refer to Ψ(Ann(fφ,D)) as the CAP ideal associated to fφ,D. From
our work above we have that (under the conditions given above), if f
is an eigenform of weight k and level Γpara(M) with reducible Galois
representation so that f ≡ev,Σ fφ,D (mod λ) for some finite set of places
Σ, then f ∈ SSK

k (Γpara(M)).
One has that there exists an r ∈ Z≥0 so that the following diagram

commutes:

TS,Σ
O

Ψ
//

��

TN-SK,Σ
O

��

TS,Σ
O /Ann(fφ,D)

Ψ
//

��

TN-SK,Σ
O /φ(Ann(fφ,D))

'
��

O // O/$rO.

Note that all of the maps in the above diagram are O-algebra surjec-
tions.

Corollary 6.15. With r as in the above diagram and b as in Theorem
6.9, if we assume ` - (p2 − 1) for all p |M we have r ≥ b.

Proof. Assume that b > r. Let g be as in Theorem 6.9. Choose T ∈
Ψ−1($r) ⊂ TS,Σ

O . This gives Tg = $rg. Using that the diagram
commutes we have T ∈ Ann(fφ,D) and so the congruence in Theorem
6.9 gives

$rg ≡ 0 (mod λb),

i.e.,

g ≡ 0 (mod λb−r).
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However, since b− r > 0, we must have

fφ,D ≡ g (mod λ)

≡ 0 (mod λ),

which is a contradiction. �

7. Selmer group and applications to Bloch-Kato

7.1. Selmer group: definition. In this section we define the relevant
Selmer group that will be used to state the Bloch-Kato conjecture for
our situation, and for which we will provide a lower bound. We follow
[5] for our Selmer group definitions.

For a number field K and a topological GK = Gal(K/K)-module M
with a continuous action of GK , we consider the group H1

cont(GK ,M )
of cohomology classes of continuous cocycles GK → M . We write
H1(K,M ) to denote H1

cont(GK ,M ) to ease the notation.
Let Σ be a finite set of rational primes containing ` and the primes

dividing M . Let GΣ denote the Galois group of the maximal Galois
extension QΣ of Q unramified outside of Σ. Let E be a finite extension
of Q` and OE be its ring of integers. Let V be a finite dimensional E-
vector space with a continuous GΣ-action. In the case that dimE(V ) =
n, we will write this action as ρ : GΣ → GLn(E). Let T ⊂ V be a
GΣ-stable OE-lattice. Set W := V/T ∼= T ⊗OE E/OE.

We write Bcrys for the ring of `-adic periods ([13]). For every p ∈ Σ
and a GΣ-module M define

H1
un(Qp,M ) := ker{H1(Qp,M )

res−→ H1(Ip,M )}
where Ip is the inertia group at p. We define the local p-Selmer group
for V as

H1
f (Qp, V ) :=

{
H1

un(Qp, V ) p ∈ Σ r `
ker{H1(Q`, V )→ H1(Q`, V ⊗Bcrys)} p = `.

For every p, define H1
f (Qp,W ) to be the image of H1

f (Qp, V ) un-

der the natural map H1(Qp, V ) → H1(Qp,W ). Using the fact, that

Gal(F̄p/Fp) ∼= Ẑ has cohomological dimension one, one has that if W
is unramified at p and p 6= `, then H1

f (Qp,W ) = H1
un(Qp,W ).

We are now in a position to define the Selmer group of interest to
us. For any set Σ′ ⊂ Σ r `, let

SelΣ(Σ′,W ) := ker

H1(GΣ,W )
res−→

⊕
p∈Σ′∪{`}

H1(Qp,W )

H1
f (Qp,W )

 .

In the case that Σ′ = ∅, we write SelΣ(W ) for SelΣ(∅,W ).
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For a Zp-module M , let M ∨ denote the Pontryagin dual of M
defined as

M ∨ = Homcont(M ,Qp/Zp).

We denote the Pontryagin dual of SelΣ(Σ′,W ) by XΣ(Σ′,W ) i.e.

XΣ(Σ′,W ) = (SelΣ(Σ′,W ))∨.

We need the following lemma for what follows.

Lemma 7.1. [24],[31, Section 3] The module XΣ(Σ′,W ) is a finitely
generated O-module and if the mod λ reduction ρ̄ of ρ is absolutely ir-
reducible, then the length of XΣ(Σ′,W ) as an O-module is independent
of the choice of the lattice T .

7.2. Bloch-Kato. We begin by stating the specialization of the Bloch-
Kato conjecture to the case of interest here. Let φ ∈ Snew

2k−2(Γ0(M)) be a
newform and (ρφ,λ, Vφ,λ) be the λ-adic Galois representation associated
to it. Let Vφ,λ(k − 2) denote the representation space of ρ = ρφ,λ ⊗
εk−2
` of GQ where we recall ε` is the `-adic cyclotomic character. Let
Tφ,λ(k − 2) ⊂ Vφ,λ(k − 2) be some choice of a GQ-stable lattice. Set
Wφ,λ(k− 2) = Vφ,λ(k− 2)/Tφ,λ(k− 2). The action of GQ on Vφ,λ(k− 2)
factors through GΣ.

The λ-part of the Bloch-Kato conjecture can be phrased as follows.
For a detailed discussion of how this follows from the more general
conjecture the reader is advised to consult [2, Section 3.8].

Conjecture 7.2. (λ-part of Bloch-Kato) Let φ ∈ Snew
2k−2(Γ0(M)) be a

newform with M odd and square-free. Let K be a number field contain-
ing Q(φ) with ring of integers OK. Let ` be an odd prime, λ a prime
of OK dividing `, and O the valuation ring of Kλ. Let (ρφ,λ, Vφ,λ) be
the `-adic Galois representation attached to φ. Then

#XΣ(Σ′,Wφ,λ(k − 2))O = LΣ
alg(k, φ)O

where Σ′ consists of the primes dividing M and Σ = Σ′ ∪ {`}.

Recall that for an O-module M , we set

ord`(#M ) = [O/λ : F`] lengthO(M ).

If we assume the mod λ reduction of ρ is absolutely irreducible, then
ord`(#XΣ(Σ′,Wφ,λ(k− 2))) is independent of the choice of Tφ,λ(k− 2).

Theorem 7.3. [2, Theorem 8.8] With the set-up as above with ρ as-
sumed to be irreducible, we have

ord`(#XΣ(Σ′,Wφ,λ(k − 2))) ≥ ord`(#TN-SK
mfφ

/Ψ(Ann(fφ))).
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Combining this theorem with Theorem 6.9 and Corollary 6.15 we
obtain the following theorem.

Theorem 7.4. Let k and M be positive integers with k ≥ 6 and M
odd and square-free. Let Σ′ = {p | M}. Let φ ∈ Snew,−

2k−2 (Γ0(M)) be a
newform. Let ` > 2k−2 be a prime with ` -M

∏
p∈Σ(p2−1) and ρφ,λ ir-

reducible. Set Σ′ = Σ∪{`}. Furthermore, if M = 1 or M = 3 assume φ
is ordinary at `. Let O be a sufficiently large finite extension of Z` with
maximal ideal λ and uniformizer $. Assume that ordλ(Lalg(k, φ)) > 0.
If there exists a negative fundamental discriminant D so that `M - D,
D is a square modulo 4M , and an integer N > 1 so that M | N ,
` - N [Γpara(M) : Γ2(N)], and a Dirichlet character χ of conductor N
so that

ordλ

(
LN(3− k, χ)LNalg(1, φ, χ)LNalg(2, φ, χ)Lalg(k − 1, φ, χD)

L(4, χM)Lalg(k, φ)

)
= −b < 0,

then

ord`(#XΣ(Σ′,Wφ,λ(k − 2))) ≥ b.

If one can choose D, N , and χ so that

ordλ(L
N(3− k, χ)LNalg(1, φ, χ)LNalg(2, φ, χ)Lalg(k − 1, φ, χD)) = 0,

then we have

ord`(#XΣ(Σ′,Wφ,λ(k − 2))) ≥ ord`(#O/LΣ
alg(k, φ)),

i.e.,

LΣ
alg(k, φ)O ⊂ #XΣ(Σ′,Wφ,λ(k − 2))O.

Proof. The only thing to note here is that since ` -
∏

p∈Σ(p2 − 1), we

have LΣ(k, φ) is a λ-adic unit. Thus, LΣ
alg(k, φ)O = Lalg(k, φ)O. �

Note that the above theorem gives one direction of the λ-part of
the Bloch-Kato conjecture for Wφ,λ(k − 2) under the hypotheses of
the theorem. While this theorem looks completely analogous to [2,
Corollary 8.9], there is an important difference in the case that M > 1.
In the case that M = 1 there is no difference between the congruence
level and paramodular level Saito-Kurokawa lift as the requirement that
k be even is equivalent to the requirement the sign of the functional
equation be negative. However, in the case that M > 1 these are no
longer equivalent. Thus, by using the paramodular Saito-Kurokawa
lift we are able to consider forms φ ∈ Snew,−

2k−2 (Γ0(M)) for which k is not
required to be even and apply Theorem 7.4 to give evidence for the
Bloch-Kato conjecture in this case.
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